A magnetic sail is a spacecraft propulsion system that generates an artificial magnetosphere to block solar wind particles and uses the imparted momentum to accelerate a spacecraft. In the present study, we conducted three-dimensional particle-in-cell simulations on small-scale magnetospheres to investigate the thrust characteristics of smallscale magnetic sails. The results show that electron Larmor motion and charge separation become significant in small-scale magnetospheres, and that the thrust of the magnetic sail is affected by the cross-sectional area of the charge-separated plasma cavity. Empirical formulae for the thrust are obtained by changing spacecraft design and solar wind parameters. These equations show that the thrust of small-scale magnetic sail is approximately proportional to magnetic moment, solar wind density and solar wind velocity. 
The empirical formulae enable us to determine the trajectory of the spacecraft and perform a mission analysis. 
Nomenclature

I. Introduction
MAGNETIC sail is a spacecraft propulsion system aimed at fast interplanetary flight for deep space exploration. Zubrin and Andrews first proposed the concept of a magnetic sail in 1991 [1] . They designed a conceptual spacecraft having a large loop of superconducting coil (Fig. 1 ). This onboard superconducting coil produces an artificial magnetic cavity (magnetosphere) that reflects approaching solar wind particles. Through this interaction, the solar wind flow loses momentum and a corresponding repulsive force is exerted on the coil to accelerate the magnetic sail spacecraft away from the Sun without consuming fuel or electric power. The specific impulse and thrust/power ratio of a magnetic sail are therefore infinite. Interest was renewed in the idea of the magnetic sail when Winglee et al. proposed the idea of creating a large magnetosphere by combining a compact coil (diameter of several meters) with a plasma jet [2] instead of using the large coil (diameter of several kilometers)
proposed by Zubrin. This propulsion system is called mini-magneto plasma propulsion (M2P2) or a magneto plasma sail (MPS).
Several numerical simulations have been performed to examine the thrust characteristics of the magnetic sail.
Nishida et al. [3] revealed the thrust generation mechanism of a magnetic sail by performing ideal magnetohydrodynamics (MHD) simulations of a very large magnetosphere in which the finite ion Larmor radius effect is neglected. When this effect must be considered and the electrons can be assumed to be a fluid in the magnetosphere (>100 km), hybrid particle-in-cell (PIC) simulations are used. Hybrid-PIC simulations treat ions as particles and electrons as a fluid. Fujita [4] evaluated the effects of ion kinetics on thrust in magnetospheres of various sizes, and Kajimura et al. [5] performed similar hybrid-PIC simulations with the goal of reproducing certain experimental results [6] . In addition, we developed a flux tube simulation method for quickly and accurately evaluating the thrust of a magnetic sail in spacecraft design [7] . These studies elucidated the thrust characteristics of magnetic sails that have a large magnetosphere (>100 km). These simulation techniques are currently being used to evaluate M2P2/MPS systems, which inflate the magnetosphere of the original magnetic sail using a plasma jet from the spacecraft to obtain a larger thrust [8, 9, 10, 11, 12] .
However, the thrust of a magnetic sail has not been evaluated for a small-scale magnetosphere (<100 km), which is feasible using present superconductive technology and launch capabilities of rockets. It is, therefore, uncertain whether missions to demonstrate thrust generation are realizable. The difficulty is that the kinetic effects of electrons must be considered in such a small-scale magnetosphere, and neither MHD simulation nor hybrid-PIC simulation is A suitable for doing so [13] . Full-PIC simulation, which treats both ions and electrons as particles, is needed in order to take into account the particle nature of plasma, including finite Larmor radius effects and charge separation.
Moritaka et al. [14] simulated the momentum transfer of the solar wind in two dimensions by using the artificial mass ratio, m i /m e = 25. We have also calculated the thrust of magnetic sails in two dimensions with the realistic mass ratio, m i /m e = 1836 [15] , and identified the charge-separated magnetosphere and the finite thrust generation of an M2P2/MPS system that is competitive with existing propulsion systems. However, no one has successfully modeled the thrust of an M2P2/MPS system in three dimensions by performing full-PIC simulation. Mission design and spacecraft design require three-dimensional full-PIC simulations, which entail very large computational costs, since the true thrust characteristics of magnetic sails cannot be fully determined by two-dimensional analysis alone.
Although large three-dimensional full-PIC simulations have recently become possible owing to improvements in parallel computing techniques, computing power is still insufficient for simultaneously analyzing the completely different phenomena of the formation of the magnetosphere and magnetic expansion.
The objective of the present study is to model the thrust characteristics of magnetic sails that have small-scale magnetospheres ranging from hundreds of meters to several kilometers by performing full-PIC simulations in three dimensions. We focus on the fundamental thrust characteristics of magnetic sails, ignoring magnetic expansion.
Empirical formulae for the thrust will be obtained by simulations with various spacecraft designs and solar wind parameters. These will enable us to design missions and discuss the feasibility of the magnetic sail based on realistic thrust values without making any unnecessary assumptions. 
II. Numerical Model for Full-PIC Simulation
The magnetosphere's size in the MHD approximation (single-fluid approximation) is derived from the balance between the magnetic pressure and the dynamic pressure of the solar wind [16] :
(1 and traces the precise motion of each particle using the Buneman-Boris method [17] . In this study, only two kinds of particles, namely, ions (protons) and electrons, are used and the mass ratio is fixed (m i /m e = 1836). When an artificial mass ratio is assumed, the thrust of magnetic sail and plasma phenomena cannot be reproduced correctly.
The real mass ratio and realistic plasma parameters are required for the simulation of magnetic sails. From the particle trajectories, the density distribution and current distribution are calculated by the PIC weighting method.
Maxwell's equations
are solved by the finite-difference time-domain method to obtain a self-consistent electromagnetic field.
The interaction between the solar wind and an artificial dipole magnetic field is simulated in three-dimensional space. Figure 2 shows the computational domain used in the three-dimensional full-PIC simulations. The computational domain has an area of 3.8 km × 3.8 km × 3. The computational load for a full-PIC simulation to calculate the trajectory of huge numbers of plasma particles is very large. This has prevented the simulation of the plasma flow around small-scale magnetic sails to obtain thrust characteristics. However, large three-dimensional full-PIC simulations have recently become possible due to improvements in parallel computing techniques. We use the so-called hybrid parallelization technique that uses both . These particles are divided into groups by particle decomposition and each particle group is simulated in one OpenMP thread. As a result, 4096 CPUs (1024 MPI processes and 4 OpenMP threads) are used for the simulation. Figure 4 shows the calculation flow of our full-PIC code. The calculation is continued until a steady thrust is obtained. The thrust of a magnetic sail is calculated by the momentum change of the solar wind flow as
Note that u i u i , BB and I are tensors. The integration is performed in an arbitrary control volume. In previous studies [3, 7] , it was confirmed that thrusts calculated from the change in momentum of particles, the electromagnetic force acting on the onboard coil or the momentum that passes through a control volume agree to within 10% in the steady state. 
III. Thrust Characteristics of Magnetic Sail
A. Structure of a typical small-scale magnetic sail
First, a three-dimensional magnetic sail was simulated using the typical solar wind parameters at Earth orbit (Table 1) . For simplicity, direct collisions between particles are neglected in this paper. The interplanetary magnetic field can also be ignored, as revealed by two-dimensional full-PIC simulation [15] and MHD simulation [18] . Table   2 lists the design parameters of the magnetic sail; these parameters are expected to give a small-scale magnetic sail (on the order of 100 m) in which electron kinetic effects are significant. In both the perpendicular and parallel cases, a low-density region is formed around the spacecraft at (x, y, z) = (0, 0, 0) despite the loose coupling between the ions and magnetic field because of the large Larmor radius of the ions. In contrast to the results of simulations by MHD and the geophysical magnetosphere, this low-density region is accompanied by only a very weak discontinuity in the magnetic field since the plasma can induce a weak magnetopause current in small length scales. In this paper we therefore call the low-density region in the full-PIC simulations the plasma cavity instead of the magnetosphere. The thrust of a small-scale magnetic sail is caused by the formation of a plasma cavity in the same way that the thrust of a large-scale magnetic sail is caused by formation of a magnetosphere.
The plasma cavity is asymmetric about the yz-plane and symmetric about the xz-plane in the perpendicular case, since the Lorentz force on the ions is in the same direction for both x > 0 and x < 0 ( Figure 8 shows the results.
The relationship between the magnetic moment and the thrust was fitted by the least-squares method. This revealed that the thrust of a small-scale magnetic sail is approximately proportional to the magnetic moment of the onboard coil (F ∝ M).The simulation results from hybrid-PIC simulation [4] are also plotted in Fig. 8 . The thrust obtained by the Full-PIC simulation is two or three times larger than the thrust obtained by hybrid-PIC simulation, which neglects the electron kinetic effects by assuming a massless electron fluid. Because of the finite Larmor radius effect of electron, which is one of the electron kinetic effects, the drift velocity and the magnetopause current in the nonuniform electromagnetic field around the magnetopause become larger. As a result, the thrust of a magnetic sail with a small plasma cavity becomes larger if we take the electron kinetic effects into consideration. This shows that electron kinetic effects that are ignored in simulation methods other than full-PIC simulations become dominant in small-scale plasma cavities and affect the thrust characteristics of small-scale magnetic sails.
The thrust characteristics (F ∝ M) are clearly different from the thrust characteristics of larger magnetic sails as obtained by hybrid-PIC simulations [4] , flux tube simulations [7] and MHD simulations (F ∝ M 2/3 ) [3] as shown in Fig. 9 . The lines which are extrapolated from the full-PIC result and the MHD result cross for M~1.0 × 10 13 Wb·m, where the magnetosphere size L MHD ~20 km is much smaller than the ion Larmor radius (typically 100 km). It is therefore expected that the kinetic effects of ions also have strong influence on the thrust characteristics of magnetic sails with a small plasma cavity (L MHD <R iL ).
C. Thrust under various solar wind parameters
Next, we performed nine simulations assuming changes in the solar wind parameters, specifically the number density N SW and plasma velocity V SW . No previous study has taken the variation of the solar wind into consideration.
However, for deep space exploration, the thrust characteristics of a magnetic sail in interplanetary space have to be determined and these are likely to change since the solar wind will vary spatially and temporally along the spacecraft's trajectory. The solar wind density was set to 0.5, 1 and 2 times the typical value, and the velocity was 
Fig. 9 Thrust characteristics of small (full-PIC) to large (MHD) magnetic sails.
similarly set to 0.5, 1 and 2 times the typical value, where the typical solar wind parameters are listed in Table 1 .
The magnetic moment M and other design parameters of the magnetic sail are fixed at the values listed in Table 2 . 
The thrust is slightly more sensitive to changes in density than velocity. Due to the fast flow velocity, that is, large
Larmor radius, the contribution of ions to the magnetic field becomes large and, as mentioned below, the plasma cavity becomes smaller. As a result, the thrust of magnetic sail cannot become as large as expected from the increase in the dynamic pressure.
The plasma density of the solar wind N SW is assumed to be inversely proportional to the square of the Sunspacecraft distance (N SW ∝ |R| -2 ) and the velocity V SW is assumed to be constant in interplanetary space. The thrust of a small-scale magnetic sail is therefore inversely proportional to the 2.3 power of the Sun-spacecraft distance
3 ). Magnetic sails, therefore, differ in their thrust characteristics from existing propulsion systems, for example, a solar sail (F ∝ |R| -2 ). That is, in outer planet orbits, the thrust of a magnetic sail would be smaller than that of a solar sail even if the thrust level is the same in Earth orbit. On the other hand, the thrust of a magnetic sail is larger in inner planet orbits.
D. Thrust and steering angle β under various attack angles α
Simulations were performed at various attack angles α in order to investigate the effect on thrust of the correlation between the solar wind and the design parameters of the magnetic sail. In addition to the dipole magnetic field assumed in previous simulations, we also investigated magnetic fields generated by coils of 50 m and 100 m in diameter. The magnetic moment is kept constant at 1.3 × 10 8 Wb·m.
The results are shown in Figs. 11, 12 and 13. In Figure 11 it can be seen that, as the attack angle α increases, the thrust of the magnetic sail also increases. This is because the cross-sectional area of the plasma cavity changes with attack angle as shown in Figs. 5 and 6. These characteristics are in agreement with previous studies on large magnetospheres [18, 19] . This relationship between attack angle α and thrust is common to all scales. In addition, the thrust decreases as the coil radius increases (Fig. 12) , because solar wind plasma is able to pass through the center of a coil without undergoing mirror reflection even if the magnetic moment is the same. The density distribution and the streamlines of the solar wind are shown in Fig. 14 when the coil axis is parallel to the solar wind direction. When the coil radius is comparable with the size of the plasma cavity, the interaction between the magnetic field and the solar wind occurs only near the coil and the thrust decreases by 40% compared with the thrust of the ideal dipole. To approximate the thrust of a dipole, the coil radius needs to be less than 20 m (1/5 of size of the plasma cavity). In contrast, the steering angle β increases as the coil radius increases, peaking at α = 45 deg, as shown in Fig. 13 .
The steering angle β represents the angle in the yz-plane when the attack angle α is in the neighborhood of 0 deg and the angle in the xz-plane when the attack angle α is in the neighborhood of 90 deg. Only the angle between the thrust vector and the solar wind direction (anti-sunward direction or orbital-radius direction) affects the orbital change capability of a small-scale magnetic sail as we show in the next section. We, therefore, do not distinguish of the steering angle from the plane containing the thrust vector. 
IV. Discussion
A. Summary of thrust characteristics and theoretical validation
As discussed above, we performed large three-dimensional full-PIC simulations by using parallel computing techniques and huge computational resources. We found that the thrust of a small-scale magnetic sail is determined by the magnetic moment M of the onboard coil (main design parameter of the spacecraft), the solar wind parameters (density N SW and velocity V SW ) and the attack angle α. Combining these results and assuming no cross-correlation between parameters gives empirical formulae for the thrust F and steering angle β:
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These equations show that the thrust of a small-scale magnetic sail is approximately proportional to magnetic moment, solar wind density and solar wind velocity. In addition, it is revealed that the magnetic sail can generate not only radial thrust but also a tangential thrust that is effective for accelerating the spacecraft along its trajectory.
This thrust characteristics of magnetic sail were also examined theoretically. We first performed a test-particle simulation using only a dipole magnetic field, which neglects the time variation of the electromagnetic field. The test-particle simulation takes only the interaction between ions and the coil magnetic field into consideration and the electrostatic field due to the charge separation is neglected. Figure 15 shows a schematic illustration of the interactions between ion, electron and magnetic field included in the test-particle and full-PIC simulations. The induced magnetic field is far smaller than the coil magnetic field. As shown in Fig. 16 , the plasma cavity with almost same structure as that of full-PIC simulation was formed in the test-particle simulation. The test-particle simulation approximately reproduces the momentum change of ions, but cannot reproduce the electromagnetic force acting on the superconductive coil onboard spacecraft since the current induced by electrons is strongly affected by the electron kinetics. It was found that the cross-sectional area of the magnetic sail is mainly formed by the interaction between ions and the dipole magnetic field, and electrons hardly influence the structure of the plasma cavity but do induce the magnetopause current. Hence, we estimated the size of the plasma cavity theoretically by considering only ion trajectories in a dipole magnetic field. We considered the xz-plane, as shown in Fig. 17 . The vector potential
is defined using the magnetic moment M. Conservation of the generalized momentum of a particle which has velocity (0, V SW ) at infinity is used. At the stagnation point (0, -L s ), the particle should have the velocity (V sw , 0)
because of the conservation of energy and Larmor motion. The conservation of the generalized momentum along the x-axis is represented as
.
Solving for the plasma cavity size yields
The plasma cavity size obtained by full-PIC simulation, L s from Eq. (11) and the magnetosphere size L MHD (Eq. (1)) that is obtained by MHD approximation are compared in Fig. 18 . It can be seen that the plasma cavity size obtained Wb·m, which corresponds to a magnetosphere of size L=140 km. When the magnetosphere size or the plasma cavity size is larger than the ion Larmor radius (typically 100 km), the MHD approximation is expected to be valid as it is in the field of geophysics.
The cross-sectional area of the plasma cavity can therefore be approximately estimated as being πL s 2 . Since the magnetic sail catches the solar wind's dynamic pressure with this cross-sectional area, the thrust is approximately given by
The coefficient and indices of Eq. (12) are in reasonable agreement with those of Eq. (7). The validity of the thrust characteristics based on simulation results is thus supported by theoretical arguments. Fig. 17 The definition of axes in the theoretical estimation of plasma cavity size L s .
B. Evaluation of thrust-mass ratio
By using the empirical formulae for the thrust characteristics of small-scale magnetic sails, the trajectory of a magnetic sail spacecraft can be determined and mission analysis attained can be achieved. Although the mission analysis of large-scale magnetic sails (ion scale ~ MHD scale, which are unrealizable with present technology) has already been conducted [20] , the kind of the mission for which a small-scale magnetic sail is suitable has not been determined.
First, we calculated the thrust-mass ratio of a small-scale magnetic sail by using a feasible design for the magnetic sail and the thrust characteristics we have found. Table 3 shows magnetic sail design parameters that are feasible with present technology and Table 4 shows the properties of the superconducting material we assumed in order to estimate the coil weight. A thrust of 6.5 µN can be generated using a 200 kg superconducting coil. That is, the thrust-mass ratio is 3.3 × 10 -5 mN/kg. The thrust-mass ratio of a small-scale magnetic sail is thus much smaller than that of other existing propulsion systems, such as solar sails (0.07 mN/kg of IKAROS) and ion engines (0.40 mN/kg of HAYABUSA and 1.9 mN/kg of Deep Space 1, if we consider only the thrust system without fuel). In addition, the weight of the coil cooling system and the electric power supply system should be considered for a more exact comparison with existing propulsion systems. This result shows that the thrust of a small-scale magnetic sail that is feasible with present technology is insufficient for deep space exploration and an increase in the thrust by using new technology, such as a Magneto Plasma Sail, is required.
On the other hand, a magnetic sail can be used for a maneuvering system to maintain a halo orbit at the SunEarth Lagrangian points. Orbit maintenance requires only low thrust (total delta v of approximately a few meters per second per year [21] ), and the required thrust generation and control of thrust direction by a small-scale magnetic sail can be achieved even with present technology. Formation flight in a halo orbit or in interplanetary space is also candidate use for the magnetic sail. When the thrust of the magnetic sail is always in the anti-sunward, a new periodic orbit appears around a halo orbit (Sun-Earth L1 and L2) [22] . For the conditions above (3.3 × 10 -5 mN/kg thrust-mass ratio), the interval between the two orbits is approximately 100 km, and a large-sized structure, such as space telescope can be constructed by formation flight without consuming fuel. It may also be possible to use a magnetic sail to control an orbit and attitude effectively over a long period of time by taking advantage of the characteristic that the specific impulse is infinite and the amount of electric power required is very small due to the use of a superconducting coil.
It is also expected that the thrust-mass ratio could be made 2~5 times better than the results of this study through improvements in superconducting technology and an optimal design of the superconductive coil for a magnetic sail [23, 24] . The use of a plasma jet (M2P2/MPS concept) as proposed by Winglee et al. [2] , the use of dipole plasma equilibrium to inflate the magnetic field (ring-current concept) as proposed by Funaki et al. [25] and the use of a rotating magnetic field (plasma magnet concept) as proposed by Slough et al. [26] should be also analyzed by full-PIC simulation in three dimensions since previous research neglecting electron kinetics failed to demonstrate an improvement of thrust performance. To achieve deep space exploration by magnetic sail, it is also necessary not only to improve the thrust level of the magnetic sail but also to improve the controllability of the thrust vector by using a larger coil, as described in section III.D. In addition, it is necessary to optimize the spacecraft trajectory by controlling the thrust vector dynamically [27, 28] . To do this, attitude stability has to be analyzed as well as the thrust characteristics. These problems are left as work for the future because of the very complicated analysis conditions and huge computational load. 
V. Conclusion
We performed three-dimensional full-PIC simulations in order to determine the thrust characteristics of smallscale magnetic sails. It was found that the thrust level of the magnetic sail is approximately proportional to the magnetic moment of the onboard coil, solar wind density and solar wind velocity. This is quite different from large magnetic sails since particle motion is the dominant influence on thrust generation in small-scale magnetic sails. It was also found that the attack angle and coil radius affect the steering angle and that the steering angle increases (up to a maximum of 20 deg) as the coil radius increases.
Finally, we evaluated the thrust-mass ratio of a small-scale magnetic sail using the thrust characteristics obtained from the full-PIC simulations. The results showed that the thrust of a small-scale magnetic sail is insufficient for deep space exploration. However, the consequences of the use of thrust improvement techniques, such as plasma injection, remain to be analyzed. In order to achieve fast interplanetary flight for deep space exploration, increased thrust from a magneto plasma sail is needed. Optimization of the magnetic sail orbit through the ability to turn the coil on and off and by control of the steering angle is also needed. This is left as work for the future.
